Let k(x) = k(x 1 , . . . , x n ) be the rational function field, and k L k(x) an intermediate field. Then, Hilbert's fourteenth problem asks whether the k-algebra A := L ∩ k[x 1 , . . . , x n ] is finitely generated. Various counterexamples to this problem were already given, but the case [k(x) : L] = 2 was open when n = 3. In this paper, we study the problem in terms of the field-theoretic properties of L. We say that L is minimal if the transcendence degree r of L over k is equal to that of A. We show that, if r ≥ 2 and L is minimal, then there exists σ ∈ Aut k k(x 1 , . . . , x n+1 ) for which σ(L(x n+1 )) is minimal and a counterexample to the problem. Our result implies the existence of interesting new counterexamples including one with n = 3 and [k(x) : L] = 2.
Introduction and main results
Let k be a field, k[x] = k[x 1 , . . . , x n ] the polynomial ring in n variables over k, and k(x) := Q(k [x] ), where Q(R) denotes the field of fractions of R for an integral domain R. In this paper, we give a simple and useful construction of counterexamples to the following problem. Problem 1.2. Assume that tr.deg k M ≥ 3. Does there always exist σ ∈ Aut k k(x) such that M σ is minimal and a counterexample to Problem 1.1?
We remark that Nagata [13] implies a positive answer to this problem when n ≥ 32 and M = k(x 1 , . . . , x 4 ) (see also [2] ).
In this paper, we settle a 'stable version' of Problem 1.2 when char k = 0. Namely, let k[x, z] := k[x 1 , . . . , x n , z] be the polynomial ring in n+1 variables over k, and let k(x, z) := Q(k [x, z] ). Then, we have the following theorem. Theorem 1.3. Let k be any field with char k = 0. If tr.deg k M ≥ 2, M = k(x) and M is minimal, then there exists σ ∈ Aut k k(x, z) such that the k-algebra A := M(z) σ ∩ k[x, z] is not finitely generated and Q(A) = M(z) σ .
Hence, there exists a counterexample L with [k(x) : L] = 2 for n ≥ 3 (cf. §4.1). Theorem 1.3 also implies the existence of a counterexample L which is not rational over k (cf. §4.2). Such examples were previously not known. Theorem 1.3 is a consequence of the following results. In the rest of this paper, k denotes any field with char k = 0. If B is a k-domain, then we regard Aut k B as a subgroup of Aut k Q(B). We write B f := B[1/f ] for f ∈ B \ {0}. The localization of B at a prime ideal p is denoted by B p . Now, assume that M satisfies the following condition ( †):
Thus, there exists a monic polynomial Π(z) over k[g] with ǫ(Π(f )) = 0.
Now, let us prove Q(A) = M(z) θ . By virtue of Lemma 2.1 (ii) and ( ‡), it suffices to verify that π is nonzero. Suppose that π = 0. Then, we have tr.
= R, and f and g lie in k[p], we havē p := ǫ(p) ∈ R and h ∈ k(p). Becausep and h are elements of k[
. Therefore, h belongs to R, a contradiction.
It remains to show that A is not finitely generated.
Our goal is to prove the following statements which imply that A is not finitely generated (cf. [10, Lemma 2.1]):
Hence, there do not exist l ≥ 1 and p ∈ A for which the monomial z l appears in p.
Proof of (I). Since θ(ǫ(p)) = ǫ(θ(p)) holds for p = x 1 , . . . , x n , z, the same holds
, where R := θ(R) and h := θ(h). Observe that ∂q/∂z is in T whenever q is in T . Since θ(ǫ(p)) is not in k, we see that T contains a linear polynomial. Therefore, R[z +h] contains z. This impliesh ∈ R, and thus h = θ(h) ∈ θ( R) = R, a contradiction.
l and i = 0, . . . , l, we define
Proof. We prove the lemma by induction on l. Since θ(π e ) is in k[x], the case l = 0 is true. Assume that l ≥ 1 and
(r)) by definition, and θ(P
Proof of (II). Let f := f(l) be as in Lemma 2.2 and set q :
. By Taylor's formula, we have
where
, and
This completes the proof of Theorem 1.4.
Field modification
In this section, we prove Theorem 1. 
holds for all but finitely many α ∈ k.
Proof. First, assume that x 1 is transcendental over M. Let y 1 , . . . , y r ∈ k(x) be a transcendence basis of k(x) over M with y 1 = x 1 . Set S := M[y 1 , . . . , y r ]. Then, there exists u ∈ S \ {0} such that T := S u [x 1 , . . . , x n ] is integral over S u . Note that p := y 1 − α is a prime in S u , i.e., u ∈ pS, for all but finitely many α ∈ k. Such a p is not a unit of T , because a prime ideal of T lies over pS u . Hence, we have pT
Next, assume that r = n and x 1 ∈ M. Let f (z) be the minimal polynomial of x 1 over M. Since x 1 , . . . , x n are algebraic over M = Q(R), there exists u ∈ R \ {0} for which B := k[x] u is integral over A := R u . We can choose u so that f (z) lies in A[z], and the discriminant δ of f (z) is a unit of A. Note that B is integral over a finitely generated k-subalgebra A ′ of A. Since B is a finite A ′ -module, so is the A ′ -submodule A. Thus, A is Noetherian. We also note that A is normal, B is factorial, and g(z) := f (z)/(x 1 − z) ∈ B[z] \ B. As before, p := x 1 −α is a prime in B, i.e., u ∈ pk[x], for all but finitely many α ∈ k. Take such a p, and set p := A ∩ pB. Then, we have B p ∩ A p ⊂ B.
has no multiple roots. Since f (α) = pg(α), it follows that g(α) ∈ pB. We show that g(α) ∈ B * . Let E be a Galois closure of k(x) over M, and C the integral closure of B in E. Then, p is not in C * as before, and C σ = C for each σ ∈ G := Gal(E/M). Hence, σ(p) ∈ C * holds for all σ ∈ G. Since p is a root of h(z) := f (z + α), the other roots p 2 , . . . , p l of h(z) lie in C \ C * . Thus, we see from the relation
is not in C * , and hence in B * . Since B is factorial, there exists a prime q ∈ B satisfying g(α) ∈ qB. Since g(α)
is not in pB, we know that qB = pB. Hence, we have
. Since B is integral over A, and A is normal, the prime ideals p and q := A ∩ qB of A are of height one. Since A is Noetherian, A q is a discrete valuation ring. Note also that A q ⊂ A 1 ⊂ M = Q(A q ). Hence, A 1 is the localization of A q at a prime ideal (cf. [11, §Thm. 10.1]). Since A q is a discrete valuation ring, A 1 must be A q or M. We claim that A 1 is not a field, since A 1 contains q = 0, and q ∩ A * 1 ⊂ qB ∩ B * (q) = ∅. Thus, A 1 equals A q . Since R ′ ⊂ A 1 as mentioned, we obtain that R ′ ⊂ A q . Finally, we show that p = q. Let N := N E/M : E → M be the norm function. Then, for each c ∈ C, we have N(c) ∈ C ∩ M = C ∩ Q(A). Since A is normal, this implies N(c) ∈ A. Now, we prove p ⊂ q. Take b ∈ B with pb ∈ A. Then, we have (pb)
is a power of ±h(0), and h(0) = pg(α) with g(α) ∈ qB, it follows that pb ∈ q, proving p ⊂ q. Since p and q have the same height, this implies that p = q.
The following remarks are used in the proof of Theorem 1.5:
holds for some p ∈ A (cf. [19] ). Hence, the additive semigroup Σ A := {ord f | f ∈ A \ {0}} is single-generated, where ord f :
Proof of Theorem 1.5. By (a), it suffices to find φ ∈ Aut k k(x) for which
ǫ is not normal. Take 1 ≤ i 0 ≤ n such that x i 0 is transcendental over M if r < n, and x i 0 ∈ M if r = n. By replacing x i with x i + x i 0 if necessary for i = i 0 , we may assume that x 1 , . . . , x n are transcendental over M if r < n, and x 1 , . . . , x n ∈ M if r = n. Let V ⊂ n i=1 kx i be the k-vector space generated by f lin for f ∈ R, where f lin is the linear part of f . Then, dim k V is at most r. Let f 1 , . . . , f r ∈ R be algebraically independent over k. Then, the r × n matrix [∂f i /∂x j ] i,j is of rank r. Hence, there exists a Zariski open subset ∅ = U ⊂ k n such that, for each a ∈ U, the rank of [(∂f i /∂x j )(a)] i,j is r. Define τ a ∈ Aut k k[x] by τ a (x i ) = x i +a i for each i, where a = (a 1 , . . . , a n ). Then, τ a (f i )
lin is written as n j=1 (∂f i /∂x j )(a) · x j for each i. Thus, replacing M with M τa for a suitable a ∈ U, we may assume that dim k V = r, and also M ∩ k[x] x i = R for all i by Lemma 3.1. Since r ≥ 2 by assumption, we may change the indices of x 1 , . . . , x n so that, for i = 1, 2, there exists g i ∈ R with g
For example, assume that n = 2 and let G = τ . Then, we have (1) for h := x 1 and t 2 ≥ 5. Set f := y 1 + y 2 + y 1 y 2 and g := y 1 + y 2 . Then, we have ǫ(f )/ǫ(g) = h, ǫ(f 2 − g 3 ) = 0, and
. Therefore,
1 ) is a counterexample to Problem 1.1. We note that [k(x, z) : L] = 2. 4.2. Let G be a finite group with |G| = n, and write k(x) = k({x σ | σ ∈ G}). Let k(G) be the invariant subfield of k(x) for the G-action defined by τ ·x σ := x τ σ for each τ, σ ∈ G. Then, Noether's Problem asks whether k(G) is rational over k, i.e., a purely transcendental extension of k. For various primes p, say p = 47, it is known that Q(Z/pZ) is not rational over Q (cf. [17] ). When G is a finite abelian group, it is also known that Q(G) is rational over Q if and only if Q(G)(z 1 , . . . , z l ) is rational over Q for some variables z 1 , . . . , z l (cf. [3] ). These results and Theorem 1.3 imply the existence of a non-rational, minimal counterexample to Problem 1.1 for k = Q and n ≥ 48. Since G is considered as a permutation group on {x σ | σ ∈ G}, we can explicitly construct such an example using Proposition 4.1 and Theorem 1.4. 
Assume that B = k[x], and the k-algebra ker D is not finitely generated (see [1] , [5] , [6] , [7] and [15] for such examples). Then, by (3), we obtain counterexamples to Problem 1.1 of the form not only L = Q(ker D), but also L = k(x) ι . However, k(x) ι is not minimal, since tr.deg k (ker D) = n − 1.
